Abstract-The volumetric monopolar-RWG discretization of the electric-field integral equation (EFIE) imposes no continuity constraint across edges in the surface discretization around a closed conductor. The current is expanded with the monopolar-RWG set and the electric field is tested over a set of tetrahedral elements attached to the boundary surface. This scheme is facet-oriented and therefore, well suited for the scattering analysis of nonconformal meshes or composite objects. The observed accuracy, though, is only competitive with respect to the RWGdiscretization for a restricted range of heights of the tetrahedral elements. In this communication, we introduce a novel implementation of the volumetric monopolar-RWG discretization of the EFIE with testing over a set of wedges. We show with RCS and near-field results that this scheme offers improved accuracy for a wider range of heights than the approach with tetrahedral testing. The application of the wedge testing to the even-surface odd-volumetric monopolar-RWG discretization of the EFIE, edge-oriented and therefore less versatile, shows similar accuracy as with tetrahedral testing, which is a sign of robustness.
I. INTRODUCTION
The discretization of the electric-field integral equation (EFIE) for perfectly conducting objects is very often based on the low-order divergence-conforming RWG basis functions [1] , [2] . The application of the edge-oriented RWG basis functions to composite objects, with piecewise homogeneous regions, brings out some pitfalls: 1) if the adopted mesh is conformal, the imposition of normal current continuity around junctions becomes very awkward [3] , [4] and 2) if the adopted mesh is nonconformal, arising from the interconnection of triangulations with nonmatching edges, the RWG basis functions cannot be used. In these scenarios, a facet-oriented implementation of the EFIE, like the recently proposed volumetric monopolar-RWG discretization of the EFIE [5] , [6] , appears better suited: 1) the current is expanded with the monopolar-RWG basis functions, with no continuity across edges [7] and 2) the fields are tested over a set of tetrahedral elements attached to the surface triangulation, inside the body, to make the hyper-singular Kernel contributions numerically manageable.
In this communication, we present a new implementation of the volumetric monopolar-RWG discretization of the EFIE, so that the field testing is carried out over a set of wedges attached to the surface triangulation. Although this approach adds some complexity in the definition of the testing elements, improved accuracy is observed when compared with the tetrahedral testing for a wider range of heights of the testing elements. The testing over wedges is also possible for the even-surface odd-volumetric monopolar-RWG discretization of the EFIE, introduced in [6] with tetrahedral testing. This nonconforming discretization relies on the rearrangement of the monopolar-RWG space of current by two edge-oriented sets: the divergence-conforming RWG set and the nonconforming odd-monopolar-RWG set [6] . The testing of the fields is then carried out over pairs of adjacent triangles and wedges. Since the volumetric testing now is only required to capture half of the field contributions, the formulation appears more robust in terms of the choice of the heights of the volumetric testing elements with respect to the volumetric monopolar-RWG implementation, which requires full volumetric testing. This scheme, though, is mainly amenable to conformal triangulations because it requires the identification of the common edges between facets arising in the triangulation.
II. WEDGES FOR TESTING PURPOSES

A. Wedges Conformal to the Boundary
In conformal triangulations, the three trapezoids at the side faces of the qth wedge Wq are defined over the planes that bisect the angles formed by the qth surface triangle Sq and the adjacent triangles (see q , which are defined in modulo three arithmetic as
where n s,i q denotes the unit vector normal to S q i , the ith side trapezoid of Wq.
In objects with abrupt convex geometrical singularities, though, for facets with at least one vertex located on an abrupt sharp-edge but with no sides matching a sharp-edge (see Fig. 2 ), the definition in (1) leads to wedges breaking out of the boundary surface. Since in this case the null field is not enforced strictly inside the body, the definition in (1) for the normal unit vector defined at the controverted vertex P needs to be modified. Instead, we adopt the normalized projection on the plane Π p q of n v p at the vertex P , as defined in Fig. 2 . The unit vectors assigned to the other two vertices need to be revisited too, so that the top and bottom triangles of the wedge remain parallel.
B. Wedges Nonconformal to the Boundary
For nonconformal triangulations, arising from the interconnection of triangles with nonmatching edges, we adopt right triangular prisms as testing elements (see Fig. 3 ). This is analogous to the nonconformal tetrahedral definition in [6] , where the off-surface vertices of the testing tetrahedral elements are oriented perpendicularly with respect to the surface triangles. Now the three quadrilaterals at the three side faces of the wedges become rectangles that are oriented perpendicularly with respect to the surface triangles. Moreover, the two opposite parallel triangles are translated copies. Of course, this definition, nonconformal to the boundary surface, may also be applied to conformal triangulations, which actually simplifies considerably the implementation described in the previous section. On the other hand, this definition allows the testing wedges to cross the boundary surface. 
III. NONCONFORMING DISCRETIZATION OF THE EFIE WITH TESTING OVER WEDGES
In each triangle arising from the discretization, the monopolar-RWG expansion carries out a linearly growing approximating scheme from each vertex toward the opposed edge. Therefore, in general, for closed meshes, the resulting matrix equation handles a number of unknowns of three times the number of triangles. In conformal triangulations, this expansion gives rise to two independent unknowns at both sides of each edge.
A. Volumetric Discretization of the EFIE
We develop the volumetric monopolar-RWG discretization of the EFIE by the definition of three testing functions at each wedge. This is advantageous if compared with the tetrahedral testing described in [6] , where the three testing functions associated with a particular surface triangle are defined over three different tetrahedral elements.
We define the "wedge-monopolar" testing function linked to the ith vertex of S q in cylindrical coordinates, with the z-axis at this vertex oriented along nq, the unit vector perpendicular to Sq, as where N and Aq denote, respectively, the number of triangles and the area of Sq. The vector ρ i q represents the radial position vector of the observation point associated with the ith vertex. The variable z denotes the distance from Sq to the observation point. Note that the wedge-monopolar function in (2) is linearly growing and becomes zero along the edge of Wq meeting the ith vertex. In our numerical tests, we define the height Hq of Wq as a fraction of the mesh parameter h, which represents the average side length of the surface triangle. The parameter α i q denotes the angle between the directions given by nq and n v,i q (see Fig. 1 ). The unit vector u i q is parallel to Sq and is defined as
The nonconformal wedge definition, based on right triangular prisms, implies n v,i q = nq and α i q = 0; hence, the definition in (2) is reduced to
The divergence of the testing functions is uniform over the qth facet in both scenarios and yields
In this communication, we choose to define the monopolar-RWG basis functions in terms of facets, rather than edges as in [6] . This allows a general definition for the matrix system, valid for either conformal or nonconformal triangulations. The monopolar-RWG basis function associated with the pth vertex of the nth triangular facet is then defined as [1] , [7] 
where the vector r p n denotes the position vector of the pth vertex of the source triangle Sn.
The resulting matrix system for the volumetric monopolar-RWG discretization of the EFIE, with testing over wedges, relies on [6] but adopts the wedge-monopolar definitions in (2) and (5). The resulting system then becomes
where c [n,p] denotes the current coefficient of the monopolar-RWG function associated with the pth vertex of the nth triangle. The excitation vector yields
where E inc represents the electric-field vector impinging on the conductor. The vector-potential and scalar-potential contributions to the impedance elements Z
where G and L n p denote, respectively, the free-space Green's function and the segment opposed to the pth vertex in the nth source triangle Sn (see Fig. 1 ). The unit vector n l,p n lies on Sn and is perpendicular to the segment L n p , pointing outwards. Note that for the testing nonconformal to the boundary surface, the implementation of (10) becomes somewhat easier (e.g., n
B. Even-Surface Odd-Volumetric Discretization of the EFIE
The resulting matrix system for the even-surface odd-volumetric implementation and wedge testing derives from [6] through (19)-(30), with the wedge-monopolar definitions in (2), (4), and (5). The testing wedges can also be conformal or nonconformal to the boundary surface. For electrically moderate or big sharp-edged objects, handling a considerable amount of unknowns, we implement the hybrid evensurface odd-volumetric monopolar-RWG discretization of the EFIE, which reduces the computational cost while preserving the accuracy. Indeed, the odd monopolar-RWG basis functions are only defined at those edges in the meshing matching the sharp edges of the object [6] .
IV. NUMERICAL RESULTS
We illustrate for several sharp-edged objects the observed improved accuracy with respect to the RWG-discretization of the EFIE, EFIE[RWG], of the monopolar-RWG discretizations of the EFIE; namely, volumetric, EFIE[monoRWG], and even-surface oddvolumetric, EFIE[e-o-monoRWG]. In Sections IV-A and IV-B, we plot RCS and near-field errors for closed conformal triangulations against the height of the testing elements H and the number of unknowns, respectively. The reference RCS results are computed with the RWGdiscretization of the EFIE and extremely fine meshes (of about 70 000 unknowns) [6] . In Section IV-C, we plot RCS results for a composite object meshed with a nonconformal triangulation. We compute the inner surface and volumetric integrals in the impedance elements through the singularity subtraction of the R −1 −Kernel contributions [8] . The outer integrals and the remaining low-order Kernel contributions in the inner integrals are evaluated numerically with Gaussian rules [6] , [9] , [10] . The volumetric integrals over wedges are computed through the decomposition of each wedge into three tetrahedral elements. An x-polarized z-propagating plane wave is impinging on the tested conductors.
A. Accuracy Versus H
In Figs. 4, 5(a), and 6(a) , relative RCS-errors are shown for volumetric monopolar-RWG discretizations of the EFIE in terms of the height of the testing elements for a degree of meshing with respect to the relative error of EFIE [RWG] and finer triangulation but similar number of unknowns. The tested objects are, respectively, a cube with side 0.1λ, a regular pyramid with square basis and side 0.1λ and a regular tetrahedron with side 1λ (λ = 1 m). In light of these figures, the volumetric monopolar-RWG discretization of the EFIE with testing over wedges shows improved accuracy with respect to EFIE[RWG] for a wider range of values of H than with tetrahedral testing. The ranges of H with observed improved accuracy for testing over wedges lie between h/10 and h/10 3 , for the moderately small sharp-edged objects, and between h/10 2 and h/10 4 for the 1λ-tetrahedron. These H ranges include both wedge choices, conformal, [conf], or nonconformal [nonconf], to the boundary surface, and are one order of magnitude bigger than the H ranges with observed improved accuracy for the tetrahedral testing, which lie roughly between h and h/10.
The volumetric monopolar-RWG discretization of the EFIE with testing wedges conformal to the boundary surface shows improved accuracy for a wider range of H with respect to the nonconformal choice for the square-pyramid, which is an example of electrically small sharp-edged object with abrupt sharp-edge. In any case, for small enough values of H, around h/100 or smaller, the performance of both wedge testing choices, conformal or nonconformal to the boundary surface, becomes increasingly similar, showing improved or similar performance with respect to EFIE [RWG] for all the tested objects. With tetrahedral testing, the conformal and nonconformal choices become also similar for small values of H (below h/10) but with evident loss of accuracy.
In Figs. 5(b) and 6(b), we show RCS results for the even-surface odd-volumetric monopolar-RWG discretizations of the EFIE. In Fig. 5(b) , for the 0.1λ-square pyramid, this is the complete implementation, handling twice the number of edges as number of unknowns. In Fig. 6(b) , for the 1λ-tetrahedron, an object with moderate electrical dimensions, the even-surface odd-volumetric implementation is hybrid, whereby the number of unknowns is reduced to the edges arising in the triangulation plus the edges matching the sharp edges of the object [6] . In view of these figures, the wedge testing shows improved RCS-accuracy in similar terms as the corresponding implementations with tetrahedral testing [6] . Similarly, the observed performance now with the even-surface odd-volumetric implementations is less dependent on the testing choices, conformal or nonconformal to the The meshes make use of 392 triangles for the monopolar-RWG and evenodd-monopolar-RWG discretizations; for the RWG-discretization, the mesh employs 800 triangles.
boundary surface, than their volumetric counterparts. Furthermore, the H range with improved accuracy for the even-surface odd-volumetric discretization with wedge testing is notoriously bigger than the ranges observed for the volumetric discretization and same testing choice. In Fig. 7 , we plot, for the 0.1λ square pyramid, the near-field relative error in terms of H and fixed degree of meshing for the monopolar-RWG discretizations of the EFIE at a point inside the object, at a distance of 0.02 m of the top vertex along the pyramid axis. We define the near-field error as the ratio between the magnitudes of the total and incident electric fields at that point [6] . As discussed in detail in [6] , the observed improved far-field accuracy prevails in the near-field especially for electrically small objects. Indeed, in view of Fig. 7, the best-performing H-values for each discretization are consistent with the observed trends in Fig. 5 for the computed far-field. 
B. Accuracy Versus N
In Figs. 8 and 9 , we show for the square pyramid and the tetrahedron, respectively, the relative error of the RCS computed with the nonconforming EFIE-implementations with respect to reliable RCS references against the number of unknowns. For each implementation and object, we show two graphs corresponding to two H values that are 10 and 100 times smaller than certain H values leading to the same reference errors (see Figs. 5 and 6 ). For the square pyramid, this error is 3.5e-3, whereas for the tetrahedron, it is 2e-3. In view of Figs. 5 and 6, for the volumetric implementations, the corresponding reference H-values are: 1) for the square pyramid, h/42 (wedge) and h/2 (tetrahedral) and 2) for the tetrahedron, h/120 (wedge) and h/5 (tetrahedral). Similarly, these H values for the even-surface odd-volumetric implementations become: 1) for the square pyramid, h/10 (wedge) and h/2 (tetrahedral) and 2) for the tetrahedron, h/50 (wedge) and h/13 (tetrahedral).
The computed RCS over these ranges with the volumetric monopolar-RWG discretization of the EFIE and wedge testing produces smaller error than the tetrahedral choice and the RWG-discretization (see Figs. 8 and 9 ). In contrast, the wedge and tetrahedral testing choices for the even-surface odd-volumetric monopolar-RWG discretization produce very similar performance, which is a sign of robustness. Moreover, the observed errors with the even-surface odd-volumetric implementations in both objects become much smaller than for the volumetric implementations.
C. Nonconformal Triangulations
In Fig. 10 , we show the RCS for the composite object arising from the juxtaposition of a pyramid with square basis on top of a prism. Two meshes are used: 1) a closed conformal mesh of 1920 triangles (mesh A) and 2) a nonconformal mesh of 832 triangles resulting from the interconnection of two independent open triangulations (mesh B). Neither the RWG-discretization nor the even-surface odd-volumetric monopolar-RWG discretization of the EFIE can handle the mesh B, where some neighboring triangles have nonmatching edges. Instead, the volumetric monopolar-RWG discretization, with the testing elements defined nonconformal to the boundary surface, stands for a flexible and versatile tool, well suited for the analysis of Mesh B. It is clear from Fig. 10 that the wedge testing in the volumetric monopolar-RWG discretization of the EFIE results in a more stable performance in terms of H than the tetrahedral testing.
V. CONCLUSION
The adoption of testing wedges conformal to the boundary surface in the volumetric monopolar-RWG discretization of the EFIE shows, for the sharp-edged conductors tested, improved accuracy for a wider range of heights of the testing elements than the choice of tetrahedral elements (between h/10 and h/10 3 , for the moderately small objects tested, and between h/10 2 and h/10 4 for the 1λ-tetrahedron). For small enough heights, below one-hundredth of the mesh parameter, right triangular prisms, easy-to-implement, can be adopted too as successful testing elements. The even-surface odd-volumetric monopolar-RWG discretization of the EFIE with wedge testing performs in a similar manner as described in [6] for tetrahedral testing elements. These implementations reach, for the sharp-edged conductors tested, much wider ranges of heights of the testing elements with improved accuracy (at least two orders of magnitude bigger than for the volumetric monopolar-RWG discretization and wedge testing).
For composite objects meshed with nonconformal triangulations where neighboring triangles have no matching edges, the volumetric monopolar-RWG discretization of the EFIE with testing over right triangular prisms appears as a more reliable option than the choice with tetrahedral testing because the computed RCS becomes more stable in terms of the heights of the testing elements. The even-surface oddvolumetric monopolar-RWG implementation, though, which assigns unknowns to the edges between pairs of adjacent facets, is not amenable in general to such triangulations.
We believe that the better suitability of the wedges as testing elements when compared with the tetrahedral elements lies in the fact that the wedge-monopolar testing functions enforce the null condition for the component of the inner electric field tangential to the boundary surface, which shows better consistency with the electric-field boundary condition at the surface.
I. INTRODUCTION
The advances in Ka-band and millimeter-wave (mm-wave) technologies have led to the development of high-performance systems for satellite and wireless communication. The high losses that characterize these applications demand for wideband and high gain antennas. Reflector and dielectric lens antennas [1] achieve high gain but require nonplanar structures, not suited for installation on moving carriers. Planar arrays of printed antennas, e.g., microstrip patches, can be integrated in low profile front-ends but are limited in bandwidth and efficiency. Waveguide slot arrays represent highly efficient options, whether implemented in standard metallic [2] or substrate integrated waveguides [3] ; however, their impedance bandwidths rarely exceed 20%.
An inherently broadband and high-gain antenna solution is the continuous transverse stub (CTS) array [4] - [6] . We focus on the parallel-fed CTS array that exhibits wider band performance, compared to the serial-fed configuration [6] . It comprises an array of slots in a metallic plane, fed by a corporate network in parallel plate waveguide (PPW) technology. As for connected arrays [7] - [10] , the mutual coupling among the slots is the physical mechanism underlying the ultra-wideband behavior of CTS arrays. However, CTS antennas do not require ground planes to improve the front-to-back ratio, thus enhancing the bandwidth [7] , [8] and reducing the antenna size. Moreover, CTS arrays can be parallel-fed by just N feeds, as
